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Abstract. The aim of this paper is to give a unified definition of a large 
class of discriminants arising in algebraic geometry using the discriminant of 
a morphism of locally free sheaves. The discriminant of a morphism of lo- 
cally free sheaves has a geometric definition in terms of grassmannian bundles, 
tautological sequences and projections and is a simultaneous generalization of 
the discriminant of a morphism of schemes, the discriminant of a linear sys- 
tem on a smooth projective scheme and the classical discriminant of degree d 
polynomials. We study the discriminant of a morphism in various situations: 
The discriminant of a finite morphism of schemes, the discriminant of a linear 
system on the projective line and the discriminant of a linear system on a flag 
variety. The main result of the paper is that the discrimiant of any linear 
system on any flag variety is irreducible. 
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1. Introduction 

The aim of this paper is to give a unified definition of a large class of discriminants 
arising in algebraic geometry. We define the discriminant of an arbitrary morphism 
of locally free finite rank sheaves. This discriminant is defined for any morphism 

of locally free finite rank Ox-niodules on an arbitrary scheme X defined over an 
arbitrary base scheme S where u : X ^ S is any quasi compact morphism of 
schemes. The discriminant of a morphism of locally free sheaves has a geometric 
definition in terms of grassmannian bundles, tautological sequences and projections. 
It is a simultaneous generalization of the discriminant of a morphism of schemes, 
the discriminant of a linear system on a smooth projective scheme and the classical 
discriminant of degree d polynomials. We study this discriminant in the case of 
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linear systems on projective spaces and flag varieties and use a previous result on 
the P-module structure of the jet bundle (see [2) to give a candidate for a resolution 
of the ideal sheaf X of the /c'th discriminant D'^{0{d)) of the linear system defined 
by 0{d) on ¥{V*). We also study the discriminant of a linear system on any flag 
variety SL(i?)/P and prove it is irreducible in general. 

In section two we give the general definition of the discriminant of a morphism 
of locally free sheaves. We prove the following general result: Assume we are given 
a morphism cj) : u*£ !F oi locally free sheaves on X where X is irreducible and 
quasi compact over S and Coker{(j)*) is locally free. It follows the discriminant 
D^{(j)) is irreducible. This is CoroUarv 12.61 We also prove it is a simultaneous 
generalization of the discriminant of a morphism of schemes and the discriminant 
of a linear system on a smooth projective scheme (see Example 12. 121 and 13. 8|) . We 
prove in Example 12 . 181 that the discriminant D^{0{d)) on the projective line is the 
classical discriminant parametrizing degree d polynomials with multiple roots. 

In section three of the paper we consider the discriminant Discr{P(t)) of a poly- 
nomial P{t) in A[t\ where A is any commutative ring. We relate the discriminant 
to properties of the ring extension A C A[t]/P{t) and give precise criteria for the 
extension to be etale in the case when P{t) is a monic polynomial. 

In section four we study the discriminant D\0{d)) of a line bundle 0{d) on 
P}^ where K is an arbitrary field. Using the Taylor morphism, jet bundles and 
projections we prove in Theorem 14. 51 that D'{0{d)) is an irreducible local complete 
intersection for all 1 < Z < c?. 

In section five of the paper we prove some general results on jet bundles on 
projective space and higher cohomology groups of exterior powers of jet bundles 
on projective space. We give a complete description (see Theorem 15. 2p of the 
SL(y)-module structure of all higher cohomology groups of all exterior powers of 
jet bundles and dual jet bundles on projective space. We also calculate the higher 
direct images of a class of twisted jet bundles with an SL(V^)-linearization (see 
Theorem l5.10|) . We also prove that any G-module W may be realized as the global 
sections of a G-linearized locally free Oo/p-module £{p) (see Proposition [HH]). We 
study the discriminant of a linear system on projective space and prove existence 
of a complex of locally free sheaves which is a candidate for a resolution of the ideal 
sheaf of the discriminant (see Example 15. lip . We finally consider discriminants of 
linear systems on flag varieties (see Example I5.12[) and prove in Theorem 15.131 all 
such discriminants are irreducible. 

Much research has been devoted to the study of discriminants and syzygies of 
discriminants (see [3] and jl8|). The novelty of the approach in this paper is the 
introduction of a functorial discriminant valid for a map of locally free sheaves 
relative to a quasi compact family of schemes. This gives a unified definition of 
a large class of discriminants appearing in algebraic geometry. All definitions are 
intrinsic and all discriminants have a canonical scheme structure. 

2. Discriminants of morphisms of sheaves 

In this section we introduce the discriminant of an arbitrary morphism of locally 
free sheaves on an arbitrary scheme. We prove the discriminant of a morphism of 
locally free sheaves is a simultaneous generalization of the discriminant of a mor- 
phism of schemes and the discrimimant of a linear system on a smooth projective 
scheme. 
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Let in the following u : X — > S* be an arbitrary quasi compact morphism of 
schemes and let £ he a, locally free finite rank Os-module and T a locally free finite 
rank Ox-module. Assume 

(f>:u*£ 

is an arbitrary morphism of Ox-modules. Let (G„(it*f*) be the grassmannian 
bundle of the locally free sheaf u*£. The grassmannian has the following properties: 
There is a projection morphism 

n : Gn{u*£*) X 

with the following properties: Let Y — G„(u*£*). There is an isomorphism 
giving a commutative diagram 



G„(£*) S. 

Here p = tt is the projection morphism. 

There is on a tautological sequence 

(2.0.1) 0->5-^7r*£->Q^0 

of locally free sheaves with rk{S) — n. The locally free sheaf S is the tautological 
subbundle on G„(£*). The sequence 12.0.11 reflects the fact that the grassmannian 
Gn(£*) is the scheme representing the grassmannian functor Grassn{£*): Via the 
Yoneda Lemma it follows the grassmannian functor Grassn{£*) is represented by 
a scheme Gn(£*) and a universal object. The universal object is given by the 
subbundle 

0^5-^ TT*£. 

Example 2.1. The tautological line bundle. 

In the case when n = 1 it follows S = 0( — 1) and we get the sequence of the 
tautological sub-bundle 

^ 0(-l) ^ TT*£ 

on f{£*). 

Proposition 2.2. Let u : X S be a quasi compact morphism of schemes and let 
£ be a locally free Os -module of rank m. It follows 

TT : Gni£*) — > S 

and 

q:(Gniu*£*)^G„{£*) 
are quasi compact morphisms. 

Proof. Since u is quasi compact it follows for any open afRne subscheme V = 
Spec(A) C S the inverse image U = u~^{V) C X is a finite union of open affine 
schemes: 

U = Spec(Bi) U • ■ • U Spec(Bfc). 
This is a general fact: A scheme over an affine scheme is quasi compact if and only 
if it is a finite union of open affine sub schemes. Let ttv ■ V Spec(Z) and ttu : 
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U Spec(Z) be the structure morphisms. Assume E\v — A{ei,..,em} — nyW 
where 

W^ = Z{ei,..,e,„}. 

Let 

W^* = Z{a:i,..,x™}. 

It follows 

Tr-\V) = G„iS*\v) = Gn{Tr*yW*) ^ Gn{W*) xz Spec(A). 

Since G„(W*) = u'^j^ Spec(Ai) is a finite union of affinc open schemes Spec(Ai) it 
follows 

TT-\V) = Gn{W*) Xz Spec(A) = U^^i Spec(A,) xz Spec(A) = 
uLi Spec(Aj (8)z A) 

is a finite union of affine open schemes. It follows tt is a quasi compact morphism 
of schemes. 

Pick the open set 

Spec(yl, (E)z A) C 7r-'^{V) = G„{W*) xz Spec(A). 

It follows 

(?"^(Spec(Aj ®z A)) = Spec(Aj) xy = 
U^=i Spec(A,) xy Spcc(Bj) = U^^i Spec(A, ®z Sj). 

Hence 

g"^(Spec(A, ®z A)) 

is a finite union of open affine schemes. The open sets Spec(Ai 0z A) cover 
G„(W^*) Xz Spec(A) hence it follows g is a quasi compact morphism, and the 
Proposition is proved. □ 

Note: For any quasi compact morphism u : X ^ S of schemes and any closed 
subscheme Z <Z X we get an induced morphism v : Z S which is quasi compact. 
The map of structure sheaves 

V* -.Os ^ v^Oz 

gives rise to an ideal sheaf 

I=ker{v*) C Os- 

The ideal sheaf X C Os corresponds to a subscheme u{Z) C S: the schematic 
image of Z via u. Hence if u : Z — > 5 is a closed morphism it follows we get a 
canonical structure of closed subscheme on the schematic image u{Z) C S. This 
structure is not neccessarily the reduced induced structure on the topological space 
u{Z) viewed as a closed subspace of 5. 

The sequence 12.0.11 has the following property: Assume s G tt^^{z) is a k{z)- 
rational point. If we take the fiber of 12.0.11 at s we get an exact sequence of 
K(2;)-vector spaces 

^ S{s) TT*£{s) Q{s) 

and Tr*£{s) = £{Tr{s)) (8)k(t(s)) k,{s) = £{z). We get a canonical n-dimensional k{z) 
sub vector space 

S{s) C £{z) 

for each s G tt~^{z){k{z)). By functoriality the following holds: 

n-\z)^Gn{£{zr) 
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hence the fiber 7r^^(z) is canonicaUy isomorphic to the grassmannian parametrizing 
n-planes in the K(z)-vector space £{z). The tautological sequence 12.0.11 gives for 
each K(2)-rational point in G„(f (2;)*) its corresponding n-plane in £{z). We get a 
one to one correspondence 

{n{z) — rational points s G G„(£(z)*)} ^ {n — planes W C £{z)} 

given by 

s e G„(£:(z)*) - 5(s) c 

We will use the tautological sequence to define the discriminant of a morphism 
of locally free sheaves. Let Y = G„(£*) X5X. Let Sy = q*S, Sy = q*7r*£ =p*u*£ 
and = p*T. We get a morphism 

Sy 8y ^P*"^ Ty. 

Let (j) be the composed morphism 

(f) : Sy —* Ty . 

Let Z{(\)) be the zero scheme of the morphism 0. \i\J = Spec(A) is a trivialization 
of Sy and Ty and = ifl-ij) with a^j G A it follows the ideal of .^(0) is generated 
by aij on the open set U . 

Since tt and q are quasi compact morphisms we may define the following: 

Definition 2.3. Let /"(</>) — ZQ)) be the n-incidence scheme of (p. The scheme 
D'"-{ip) ~ q{I{(j))) is the n- discriminant of 0. The scheme Discr"'{(j)) = 7r(Z?"((/))) is 
the direct image n- discriminant of the morphism (p. 

We get a diagram 

J"(0) ^ G„(£*) xs X X 

q u 
9 Gn{£*) 




k 



D^-itj)) ^ Discr'^{(j)) 

where i, j and k are inclusions of schemes. 

Assume 'ip : £ ^ T \s a, map of locally free Ox-modules. 

Lemma 2.4. The following holds: x G Z{'ip) if and only if ^{x) = 0. 

Proof. Let U = Spcc(^) C X be an open subset where £ and T trivialize. It 
follows £ is the sheafification of A"^ and T the sheafification of A" for some integers 
m,n> 1. Let x G Spec(^) correspond to a prime ideal C A. It follows x G ^(V') 
if and only of G pa; for all i,j where (fly ) = ■01(7 ^^id G A are the coefficients 
of over J7. It follows x G .^("0) if and only if the fiber map ijj{x) is zero and the 
Lemma is proved. □ 

Let 0* : T* u*£* be the dual of and consider the exact sequence 
(2.4.1) T* ->'^' u£* ^ Coker{(j>*) ^ 



6 



HELGE MAAKESTAD 



of coherent Ox-modules. Assume Coker{<f)*) is locally free and let n = 1. We get 
a closed immersion 

W'{Coker{(t>*)) C W{u*£) ^ F{£*) Xg X 

of schemes. 

Theorem 2.5. There is an equality I^{(j>) = f{Coker{(j)*)) as subschemes of 

V{u*£*). 

Proof. Let Y = F{u*£*) = F{£*) xg X and let I,J COy be the ideal sheaves of 
/^((^) and F{u*£). We want to prove there is an equality I = J of ideal sheaves. 
Consider the diagram 



q u 

Let 

a : C(-l) -> TT*£ 

be the tautological sub-bundle on P(£*). Pull this and the morphism 

back to Y to get the morphism 

4> : 0(-l)y -^£y^ Ty. 

By definition Z{i^^ = I^{(f))- Wc want to show Zic/)) = P(Coker{(f)*)) is an equality 
of schemes. We prove there is an equality of ideal sheaves. Assume V = Spec (A) C 
S is an afRne open subscheme where £ trivialize. Let Try : Spec(j4) — > Spec(Z) be 
the structure morphism and let 

W = Z{eo,..,ei}. 

It follows 

E\v = TTyW = A^z Z{eo, .., ei}. 
Let U = Spec(B) C u~^{V) be an open set where trivialize and let nu ■ 
Spec(S) — > Spec(Z) be the structure morphism. Let Z = Zj/o,..,/™}- It fol- 
lows 

J^\u = n^Z = B^z Z{/o,. .,/„}. 
Let Xi = e* and yj = fj . Pull £ back to U to get 

u*£\u = B<g)zW = B<»z Z{eo, .., e;} = B{eo, .., e;}. 
Restrict the morphism </> to J7 to get 

(f>\u ■■ B{eo, .., ej B{/o, .., /„} 
with (plu = ipij) with hij G B. Consider the morphism 

p : F{u*£*) X. 

It follows 

p-\U) = F{u*£\u) = F{W*) xz Spec(S). 
Hence p~^{U) may be covered by open afRne schemes on the form 

Ui = D{xi) Xz Spec(B) = Spec(B[^, .., ^]) 
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for i = 0, .., I. Let tj ~ Xj/xi and ti ~ 1. On Ui the map a|t/. looks as follows: 
a (7^ : B[—, •■, — > B[—, .., — ®z {eo, ..,ei} 

with 

a\uiil/Xi) ^ to ® eo + ti ig) ei -\ h 1 ® + h <; e; = 

[to, ti, ••, ii-i, 1, ii+i, •■, t;]- 
It follows the composed morphism (j)\u. o a has coefficients on the form 

{ck,i — bkfito + bk^iti + ■ ■ ■ bks + • • • + fcfc,ii/}fcLo- 

where bij € B are the coefficients of (j)\ui- Hence the ideal sheaf 2 is generated by 
the elements Ck.i on the open set Ui = D{xi) x U C F[u*£*). Consider the exact 
sequence 

T* u*£* Coker{(j)*) -> 0. 

We want to calculate generators for the image Im{(j)*) C u*£* on the open set Ui. 
The matrix of 4>*\ui is the transpose of the matrix (/)|[/. and one checks that on Ui 
the following holds: 

<i>*\ui{yk) = bkfito + 6fc,iti H bk^t H h bk,iti = Ck,i- 

It follows /to(0*|[/. ) is generated by the elements Ck,i hence the ideal sheaf J of 
P(CoA;er((/)*)) is on Ui generated by Ck.i- It follows T = J and the claim of the 
Theorem follows. □ 

Corollary 2.6. I] X is irreducible and Coker{<f>*) is locally free it follows D^{ip) 
is irreducible. 

Proof. Since X is irreducible and I^{4>) — P{Coker{ip*)) is a projective bundle on 
X it follows is irreducible. It follows D^{(f)) = q{I^{(p)) is irreducible and the 

claim of the Corollary follows. □ 

We give an interpretation of I'^ {4>) , D'^ {(j)) and Discr'^{(j)) in terms of points. 
Assume z G S* is a point with residue field k{z). Assume y = {s,x) G Y with 
u{x) = 7r(s) = z. It follows nly) = k{s) = k{x) = k{z). By Lemma 12.41 it follows 
y e if and only if (j)Y{y) — 0. We get 

Syiy) = S{s) K{y) = S{s) 

Eviy) = £{z) K{y) ^ £{z) 

and 

It follows the composed map 

^{y) : S{s) ^ £{z) ^^(-) Tix) 

is the zero map. Hence a K(z)-rational point y = (s, a;) is in if and only if the 

canonical inclusion 

S{s) C £{z) 

induces an inclusion 

S{s) C Ker{4,{x)). 

Lemma 2.7. If y ^ {s,x) G it follows dimi^(^^Ker{(j){x)) > n. 
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Proof. By the discussion above there is an inclusion 

S{s) C Ker{(l){x)) 

and since dim^(^z-^S{s) — n the claim of the lemma is proved. □ 

Hence s G £'"(0) with 7r(s) = z if and only if there is a point a: G X with 
u(x) ~ such that the canonical inclusion 

Sis) C £{z) 

induce an inclusion 

S{s) C Ker{(l){x)). 
Example 2.8. On the case n~l: 

Consider the tautological subbundle on P(£*) ~ Qi{E*) 

-> ©(-I) -> 7r*£:. 
Pull this sequence back toY = Y{£*) x X to get a sequence 

Similarly pull back the sequence (p : u* £ T to Y to get the sequence 

Since 

e Hom(0(-l)Y,Jf^y) = YLoTn{0,0{l)Y ®Ty) - H"(y, ® J^y) 

It follows we have described the 1-incidence scheme I^{(j)Y) as the zero locus of </) 
viewed as a global section of the locally free sheaf 0{1)y ® ^y- 

Lemma 2.9. There is an exact sequence on Y 

O{-1)y^TP~^Oy'-Oz^^^^0. 

Proof. The proof is left to the reader as an exercise. □ 

Consider for j > 1 the j'th exterior product 

A^O{-l)Y<»Tp) = 0{-j}Y<»A^Tp. 

The ideal sheaf 2 of is locally generated by a regular sequence hence from [1] 
we get a Koszul-resolution 

^ 0{-r)Y ® A'^J^Y ^ Oi-r + l)y ® A'^'^J^f ~> ■ ■ ■ 

> 0{-j)y ® ^ • • • 

• • • 0{-2)y ® A^T^ C'(-l)y ® Ti^ ^ Oy Oz^^^^ 
of the structure sheaf O^j^j of the incidence scheme Z{(f)). Here r = rk{T*). 
Proposition 2.10. There is an isomorphism of Op(^£*ymodules 

R'q40{^j)Y ® A^J'y) = ® 7r*R'M,(A^J^*). 

Proof. By the projection formula and base change we get 

R'g*(C(-J> ® z^'^P) = R''9*(g*0(-j) ® A^g*.F*) = 
Ol-j) «) R'g*(p* A^' J^*) 0{~j) O 7r*RV(A^J^*) 
and the claim of the Proposition is proved. □ 
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We get a double complex of Op(£*) -modules on P(£*) defined by 

A natural question to ask is if the total complex 

(2.10.1) Tot{Ci(j)y-')n =- (B^+J=nOi-j) ® 7r*R*U, (A^.F*) 

may be used to construct a resolution of the ideal sheaf of C P[£*). 

Definition 2.11. Let the total complex Toi(C(<i>)*'-')„ be the discriminant complex 
of 0. 

Example 2.12. Discriminants of morphisms of schemes. 

Assume / : J7 — > y is a quasi compact map of smooth schemes of finite type 
over a field F. We get a map of sheaves of differentials 

(2.12.1) df : f*nl. ^nlj. 

Since U,V are smooth over F it follows ri^,Sly are locally free sheaves of finite 
rank. We use the cotangent sequence 12.12.11 to give a set theoretic definition of the 
discriminant of the morphism /. 

Definition 2.13. Let Discr^{f) C y be the set of points s € V such that there is 
an X e [/ with f{x) — s and Ker{df{x)) ^ 0. We say Discr^{f) is the set theoretic 
discriminant of the morphism f. 

Let I"{df) be the n-incidence scheme of df. We get a diagram of maps of schemes 
where by Proposition 12.21 a and tt are quasi compact morphisms: 

/"(df) — ^ GniinlY) X u u 

1 f 

g Gniinl.)*) 




D^'idf) ^ Discr'^idf) 

Definition 2.14. The scheme D"'{df) is the n- discriminant of the morphism /. 
The scheme Discr^{df) is the direct image n- discriminant of the morphism /. 

Pick y — {d,s) G I'^{df). Assume 7r(d) — f{s) — z and K{y) = k(c?) = k{s) — 
k{z). Since d G 7t~^{z) = G„(riy(z)*) the tautological sequence on the grassman- 
nian gives a canonical n-dimensional vector subspace 

s{d) c nl,{z). 

We get a composed map 

sid)-.n\,iz) -.^^(^) nljis) 

and since the composed map is the zero map it follows 

S{d) C Ker{df{s)). 

It follows dim^(^^-^Ker(df{s)) > n hence df(s) is not injective at s. 

It follows the underlying set of points of Discr"'{df) is the set oi s — f{x) G V 
with X <E U and dim{Ker{df{x)) > n. We see the discriminant of a morphism 
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of locally free sheaves generalize the set theoretic discriminant of a morphism of 
schemes in the sense that the underlying set of points of D^{df) is a lifting of 
Discr^{f) <Z V to the projectivization of the cotangent bundle fly. We get a 
sequence of subschemes 

• • ■ C Discr'^(df) C • ■ • C Discr\df) C V. 

In this case the total complex 12. 10. II becomes 

Tot{C{fy^^)r. = ©.+,=„0(-i) ® ^*R7*(A^(r!^)*). 

Example 2.15. Discriminants of linear systems on projective schemes. 

Let X C be a smooth projective scheme over a field F and let C G Pic(X). 
Let u : X ^ Spec(F) be the structure morphism and let W = lf{X,C). There is 
a morphism of locally free sheaves 

Here is the fc'th Taylor map and J'^{C) is the fc'th jet bundle of C. We get a 
diagram of maps of schemes 

/i(7^fc) ¥{W*) X X — ^ X 

q u 

D^{T^) ^ V{W*) ^ Spec(F) 

Definition 2.16. The scheme D^{C) — D^{T^) is the k'th discriminant of the 
linear system defined by C. 

We see the discriminant of a map of locally free sheaves generalize the discrimi- 
nant of a linear system on a smooth projective scheme. The classical discriminant 
D^{C) equals the 1-discriminant D^{T^) of the fc'th Taylor morphism. 

In this case the total complex 12.10.11 becomes 

ToticiT'^y'^),, = ®^+,=nO{-j) ® -K* n\x, ^^J\cy). 

To study the total complex for discriminants of linear systems we need informa- 
tion on the higher cohomology of exterior powers of duals of jet bundles. In the 
next section we will study higher cohomology groups of exterior powers of SL(y)- 
linearized jet bundles and the total complex in the situation where X = P(V'*) and 
C = 0{d) for d > 1. 

Note: The definition given in l2.16l was communicated to the author by D. Laksov. 

Example 2.17. Invertible sheaves on projective space. 

We interpret the rational points of D^{0{d)) on ¥{V*) where V is an iV -I- 1- 
dimensional vector space over any field F. Let W = H°(P(t/*), 0{d)) Consider the 
diagram 

P(VF*) X P(F*) ^ ^P(F*) 

5 TT 



f{W*) — *- Spec(F) 
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Let Y — P(VF*) X P(y*) and consider the foUowing sequence of locally free Oy- 
modules 

(t)Y ■■ 0{~1)y -^W(g>OY ^ j''{0{d))Y. 

It follows the F-rational points of the incidence scheme Z{4)y) have the following 
interpretation: Pick an i^-rational point x — {s^y) & Y k{x) — K{s,y) = F. It 
follows there is an equality of residue fields k(s) = K{y) = k{s, y) — F. The point 
X is by Lemma 12.41 in Z{4>y) if and only if (f)Y{x) = 0. We interpret this equation 
in terms of fibers: We get 

0(-l)y(s,2/) -^W^OYis,y) ^ J'=(0(d))y(s,2/) 

which becomes 

Oi-l){s) ®«(,) Kis.y) ^W^ J\0{d)){y) «.«(^) K{s,y) 
which becomes 

0{-l){s)^W ^^"^y^ J''{0{d))(y). 

Write s = 0(-l)(s) C W. It follows 

T'^iyXS) = in j\0{d)){y). 

Hence an F-rational {s,y) G P(T/F*) x P{V*) is in Z{(I>y) if and only if its corre- 
sponding section s C W satisfies 

r'=(y)(s) = o. 

Hence the points s S D^{0{d)){F) are described in terms of the taylor map 
at some point y G P{y*){F). In local coordinates the Taylor map T^{y) formally 
taylor expands a global section s . 

Example 2.18. Linear systems on the projective line. 

Assume P(y*) — P^ is the projective line where V — F{eo,ei} and V* = 
F{xo,xi}. Let W = H°(pi,0(d)). The Taylor map 

: ® Opi -> J\0[d)) 

is defined as follows: Let Si = Xq^'xi for i = 0, ..,d be the global sections of 0{d). 
Let y^ = s*,t = ^ and 7 = f^- Let Uij = D{yi) x D{xj) be an open cover of 
¥{W*) X pi. Let u-j = On D{xq) we get the following 

: F[t\{s,} F[t]{l (g, x^, dt (g> x^} 

with 

T\s,) = T^{x^-'x\) = f(g)x'^ + if~^dt x^. 

On D(xi) we get 

: F[l/t]{s,} F[l/t]{l ® xf, d{l/t) ® xf} 

with 

T\s^) = T^ixf-'x\) = (l/ty (g,xf + i{l/ty~^dt ® xi 
Consider the following map on y = P(W*) x P^ 

(2.18.1) Oi-l)Y ^" Wy j\Oid))Y 

and restrict to Uio — D{yi) x D{xo). We get 

: F[u],t]— F[u),t] ®FF{so,..,Sd} t]{l ® 4, d< x^} 
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given by 

4 (g) + + dt) «) H h (t + dty (S)Xq-\ h + dt)"* (8) = 

Xq 

where 
Let 

a(t) ^ yo + yit^ h z/dt'' 

it follows yifi{t) — a{t). Restrict the niap |2.18TT] to Un — D{yi) x D{xi). We get 

a\u^,: F[u), l/t]^ ^ F[u), 1/t] (E>f F{s^} ->^' F[u), l/t]{l(E)xf, d{l/t) ® xf} 

given by 



7 7 . . 



where 

Let 



T^{a(l/yi)) = ® so + ■ ■ • 1 ® + • • ■ 4 ® Sd) = 

® + (d - l)i]r-'di-^) ^xf) + --- + 

g^{^) ^ xf + gl{^)d{j) ® xf 
bit)^yoi\r + ■■■ + y^{-/'' + ■■■ + yd■ 



It follows = y.igj(7). Let Uij = D{y,) x D(a;j ) and let Y,j ^ D l^{0{d)). It 
follows q{Yij) = Zij C D{yi). Let j = and let lio = {fi{t), fi{t)). We get a map 

q : FiO 

which gives a map 
given by 

q* ■.F[u'^^F[u],t]/UQ. 

It follows 

Tz,, = ker{q*) = Res{U{t)J[(t)) = Res{a{t),a' {t))\D(y^y 
Let j = 1 and let In = {gi{\) ^ g'i{\)) ■ We get a map 

which gives a map 

q* : Ooiy,) q*OY,i 

given by 

q*:F[u)]^F[u),-^]/In. 

It follows 

Iz^, = keriq*) = i?es(fe,(i), 5^^)) • 
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Let 1 = {Res{a{t), a'{t)) and J = Res{b{^),b'{\)). It follows 

^D^(0(d))\zM =^Zm = =^I-D(t/,) 

and 

lD^O{d))\Zn =^Zn = -Res(^(-^): ^' (^)) 

We get an equality of ideal sheaves in Op(^yy,-) 

^D^O(d)) =1 = J ■ 

It follows the ideal sheaf Idi(c)(c;)) is generated by the irreducible polynomial 

i?es(a(t),a'(t))=i?es(fe(^),6'(i)) 

hence D^{0{dy) is the discriminant scheme oj degree d polynomials parametrizing 
degree d polynomials 

a{t) = yo + yit + --- + Vdf^ 

in the variable t with multiple roots. It follows D^{0{dy) is a determinantal scheme. 
We get a filtration of closed subschemes 

D'^{0{d)) C ■■■D'{0{d))--- CD\0{d)) C P(M^*). 

One may ask if D^{0{d)) is a determinantal scheme for 1 < i < d. There is work 
in progress on this problem: One wants to check if D''{C{X)) is a determinantal 
scheme where C{X) £ Pic*^(G/P). Here G is a semi simple linear algebraic group 
and P C G a. parabolic sub group. 

Note: For determinantal schemes much is known about their syzygies (see [5]). 

3. Discriminants and standard etale morphisms 

In this section we study the discriminant of a polynomial and its relationship 
with finite and standard etale morphisms. We relate the discriminant of a monic 
polynomial P{t) in A[t] to properties of the integral ring extension A C A[t]/P{t). 
We give an explicit proof of the fact that 

Spec{A[t]/P{t)) Spec(A) 

is generically etale using the discriminant Discr{P{t)). We prove in Theorem 13. 181 
that any etale morphism of schemes is locally on the form 

Spec(A[t]/P(i)) Spec(A) 

where P{t) G A[t] is a polynomial with Discr{P{t)) a unit in A. We also prove a 
general result (see Theorem l3.20l) on properties of the ring extension A C A[t]/P{t)) 
when P{t) is an arbitrary (not necessarily monic) polynomial. 

Let X = Spec(_B) and Y — Spec(A) where A, B are commutative unital rings. 
Let / : Spec(i?) Spcc(A) be a finite map of afhne schemes. Hence A B \s an 
integral extension of rings. Let p £ X be a point with q ~ /(p). 

Definition 3.1. We say / is unramified at p if the following two conditions holds: 
The canonical map 

(3.1.1) f* : Oy.q f*Ox.p satisfies m^Ox.p = trip. 

(3.1.2) The field extension ^(q) C k{p) is a finite separable extension. 
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We say the morphism / is etale at p if it unramified at p and the ring homomorphism 
(3.1.3) f* : Oy,, ^ f.Ox.p 

is flat. The morphism f : X —^ Y is an etale morphism if it is etale at p for all 
\) E X. The morphism / is ramified if for all q G F there is a p G /^^(l) where / 
is not etale at p. 

The following result is well known. 

Lemma 3.2. The morphism f is etale if and only if it is fiat and for every q G K 
the fiber /~^(q) is the disjoint union of reduced points p G /~^(q) with K{q) C k(p) 
a finite separable extension of fields. 

Proof See g] or [M] □ 

For a finite etale morphism / : Spcc(i?) Spec(y4.) it is well known the number 
of points p in /~^(q) is constant. We let d = #/~^(q) be the degree of /. 

Recall the following general result: Let Ai, .., A; be commutative rings with unit 
and let Si C Ai be multiplicatively closed subsets for i = 1, .., L Let A = ©-^^Ai be 
the direct sum of the commutative rings Ai and let S = (B^^iSi. It follows S C A 
is a multiplicatively closed subset. 

Lemma 3.3. There is an isomorphism 

{Si®---® Si)-\Ai ®---®Ai) = S^^Ai 

of commutative rings. 

Proof. We prove this by induction on I. Assume 1 = 2. We want to prove the 
ismorphism 

{S ® Ty\A ®B) = S-^A ® T-^B. 
Define the following morphism 

g:A®B-^ S-^A®T-^B 

by 

g{a,b) = {a/l,bll). 

It follows for all (s, i) G S®T the element g(s, t) is invertible. Moreover if g{a, b) = 
(a/1,6/1) = it follows a/1 = = 6/1 hence there is an element (s,t) G S ®T 
with sa = tb = 0. It follows {s,t){a,b) = {sa,tb) = 0. Finally any element 
(a/s, b/t) G S^^A ® T'^B may be written as 

g{a,b)g{s,t)-^. 

It follows there is a canonical isomorphism 

S~^A ® T-^B ^{S® T)-\A ® B) 

of rings and the claim is proved. The Lemma now follows by induction. □ 

Let K be an arbitrary field and let P{t) = f^ + aif^'^^ ^ad-it + aj. G K[t] be 

a polynomial with coefficients in K. Recall the following notion: The polynomial 
P{t) is separable if its roots in the algebraic closure K oi K are all distinct. The 
polynomial P{t) is inseparable if it has multiple roots. Recall the following well 
known resuh: Let X = Spec(ii'[i]/P(i) and Y = Spec(ivr). Let / : X F be the 
structure morphism. 



® - - - ® Sj^ Ai 
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Proposition 3.4. The morphism f is etale if and only if P{t) G K[t\ is a separable 
polynomial. The morphism f is ramified if and only if P{t) is inseparable. 

Proof. Assume P{t) is separable. It follows P{t) has d distinct roots ai, .., aj, G K. 
Let P{t) — QY ■ ■ ■ Qm^ be a decomposition of P{t) in K[t] where Qi are irreducible 
polynomials in K[t\. Since P{t) is a separable polynomial it follows qi = 1 for 
i = l,..,m. Let Xi = Spec{K[t]/Qi{t)). It follows by the Chinese Remainder 
Theorem that 

K[t]/P{t) = K[t]/Qi{t) © ■ • ■ ® K[t]/Q^{t). 
We get an isomorphism 

of schemes. We get a map 

f:XiU---UXrn^Y 

induced by the natural map K K[t\/P{t). Let L = K[t]/P{t) and Li = 
K[t]/Qi{t). It follows Li is a separable field extension of K. By the Kunneth 
formula the following holds: There is an isomorphism 

H°(X, Ox) = H°(Xi, OxJ © • • • © H°(X„, 

of rings. One also sees Li = 11° (X^, OxJ- Let rrii be the following ideal: 

m, = Li © • • • © © {0} © Lj+i © • • • © L^. 

It follows 

H°(X,Ox)/m, ^ U°{X,,Ox,) = L, 
hence m, C if{X,Ox) is a maximal ideal. The ideals mi, ..,mm are all maximal 
ideals in H°(X, Ox)- Consider rrii £ X and look at the map 

f* : Oyji^r.,) Ox,m.. 

It is given by the natural map K L^^. Let Si C Yl^[X, Ox) be the multiplica- 
tively closed subset defined by Si = H° {X, Ox ) — nii . It follows 

Si — L\ © • • • © L^ © • • • © Ly^i 

hence we get by lemma [5751 an isomorphism 

^S-riH^lX, Ox)^ 
Li Li © • • • © ) Li (B ■ ■ ■ (B L^ L^a = Li. 

Hence the map 

f* ■■ Oyjim,) Ox,m, 

is the map 

K L,. 

The field extension 

f^ifi^i)) = K <ZLi = K.{mi) 
is separable. It follows the map / is flat and unramified at rrii hence / is etale. 
Conversely assume f : X ^ Y \s etale and P{t) inseparable. It follows P{t) = 
QT ■ ■ ■ Qm" where all polynomials Qi are irreducibel and one of the following holds: 

(3.4.1) There is an i with qi > 1. 

(3.4.2) All qi = 1 and there is an i where K C K[t]/Qi is inseparable. 
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Let tTii be the maximal ideal corresponding to i. It follows / is not etale at i which 
is a contradiction, and the first part of the Proposition is proved. The second part 
of the claim is obvious and the Proposition is proved. □ 

Let 

F{t) = a^t™ + am-it"^'^ H + ait + gq 

and 

Git) = h^t"^ + 6„_it"-i + • • • + 6ii + 60 
be polynomials in A[t\ where A is an arbitrary commutative ring with unit and 
ftrri) i'n 7^ 0. Make the following definition 

Definition 3.5. Let ReSm.n(F{t),G{t)) be the following determinant 



^m— 1 
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ao 
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•• 
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ao 
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•• 





: 










: ai 


ao 


bn bn-1 


bi 


bo 
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We say the element ReSm n{F{t), G{t)) is the resultant of the polynomials F{t) and 
Git). 

The matrix contains n rows with a^'s and m rows with 6j's. It is a square matrix 
of rank m + n. We often write Res{F, G) instead of ReSm,n{F{t), G{t)). From the 
definition it is immediate Res{F, G) is an element of the ring A. 

The following result is well known: 

Proposition 3.6. Let A — K be an arbitrary field, and let F{t), G{t) be polynomials 
in K[t] of degree m and n with am, bn 0. Let ai, .., a™ and (3i, .., /?„ be the roots 
of F and G in an algebraic closure K of K . Assume F'{t) is a polynomial of degree 
m' < m. The following holds: 

(3.6.1) Res{F, G) = aX n("^ " /^j ) 

(3.6.2) Res{F, G) — F and G have a common root in K 

(3.6.3) Res{F, G) = {-l)""'Res{G, F) 

(3.6.4) ReSmAFF'^ G) - i?es„,„(i^, G)ReSm' A^' ^ G) 

Proof For a proof of the facts [3Xlll3X4l see [3], Section 12. □ 

Let A be an arbitrary commutative ring with unit and let P{t) — + ad-it'^^^ + 
■ ■ - + 01^ + 00 G A[t] be any degree d monic polynomial. The formal derivative P'{t) 
is again a polynomial in A[t]. 

Definition 3.7. We let Discr{P{t)) = ResdM-i{P{t), P' (t)) e A be the discrimi- 
nant of the polynomial P(t). We say P{t) is separable if Discr{P{t)) is a unit in 
A. We say P{t) is inseparable if Discr{P{t)) is nilpotent. 

Proposition 3.8. Assume A = K is a field. It follows Discr{P(t)) — if and 
only if P{t) has a root a E K of multiplicity greater than 2. 
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Proof. Assume Discr{P{t)) = it follows P{t) and P'{t) have a common root 
a G K. It follows P(t) = (t — af'Qit) for some polynomial Q{t) G K[t], hence a 
has mutiplicity greater than 2. Conversely, if P{t) — [t — a)'^Q{t) with Q{t)K[t] it 
follows P{t) and P'{t) have a common root, hence Discr{P{t)) — and the claim 
of the Proposition follows. □ 

Corollary 3.9. The following holds: Discr{P(t)) ^ Q if and only if all roots of 
P{t) have multiplicity one. 



Proof. Since Discr{P{t)) 7^ it follows from Proposition 13.81 that all roots of P(t) 
in K are of multiplicity one. Conversely if all roots of P{t) have multiplicity one it 
follows Discr{P{t)) ^ 0. The Corollary is proved. □ 

Let : A B he a map of commutative rings. We get an induced map 

ijt ■■ A[t] B[t] 

defined by 

MP{t)) = 4'{bn)t'' + ^(fe„-i)r-i + ■ • • + iAbi)t + ^(&o). 

LetP^(t) = Vt(-PW)- 

We get the following result: 

Lemma 3.10. There is an equality 

i;{Discr{P{t)) = Discr{P^{t)) 

in B . 

Proof. By definition 



P{t)^t'' + ad-it''-^ +ad-2t''-^ 



+ • • • + ait + flo 



has coefRcients a, in A. and 



P'{t) = df^-^ + {d- l)ad-it'^^^ H h 2a2t + ai. 

The discriminant Discr{P{t), P' (t)) is by Definition 13.71 given by the following 
determinant: 



IMI = 



Assume ip : A —^ B is a ring homomorphism. It follows 

iP{Discr{P{t)) = ip{\M\) = |?A(M)| = Discr{P^{t)) 
and the Lemma is proved. □ 
Let h — Discr{P{t)) G A. Consider the natural morphism 
TT : Spec{A[t]/P{t)) Spec(A) 
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of affi-iie schemes. We get a diagram of maps of affine schemes 

n-\V{b)) ^ Spec{A[t]/P{t)) n-\D{b)) 



V{b) *- Spec(A) ^ Dib) 

where k and I are the natural inclusions. 

Proposition 3.11. Let S = {1,6,5^,..} C A and let Ab = S-'^A. Let (j) : A[t] 
Ai,[t] be the natural map. The following holds: 

(3.11.1) The morphism n : n^^{D{b)) — > L){b) is etale. 

(3.11.2) The morphism n : Tr^^{V{b)) V{b) is ramified. 

(3.11.3) There is an isomorphism TT^^{D{b)) = Spec(Af,[i]/P0(i)) 
Proof. We first prove [0 1.11 We want to show 

TT : TT-\D{b)) ^ D{b) 

is an etale morphism. Pick p G Spec(A) with p e D{b). It follows b ^ p. Let 
tjj : A ^ k{p) be the natural map where k(p) is the residue field of p. The induced 
map on the fiber 7r~^(p) — » Spec(K(p)) is the natural map 

Spec{K{p)[t]/P^{t)) ^ Spcc(«;(p)). 

Since b = Discr{P{t)) ^ p it follows 

ilj{Discr{P{t))) = Discr{P^{t)) ^ 

in the residue field k(p). It follows from Corollary 13.91 P,;, it) is separable in K(p)[i] 
hence the map 

TT : Spec(At(p)[i]/F^(t)) Spec(K(p)) 

is by Proposition [3]4] an etale map. It follows from Lemma [3.21 the map 

TT : T:-^{D{b)) ^ D{b) 

is etale and claim lXll.il is proved. We prove claim [Xl 1.2 1 Pick a point p G V{b) 
and consider the morphism 

V- : ^^^p) = Spec{K{p)[t]/P^{t)) Spec(K(p)). 

Since ip{b) G p it follows Discr{P^{t)) — in the residue field k{p). By Proposition 
13. Sl it follows P-^{t) is inseparable over k(p). It follows from Proposition for each 
p G V{b) the morphism 

n-\p) Spec(K(p)) 
is ramified and claim l3.11.2l follows. We prove claim[3TTTT3l There is an isomorphism 
of rings 

S'\A[t]/P(t)) - S-\A[t])/P4t) - Ab[t]/P4t). 

Hence 

TT-HD{b)) = Spec{S-'{A[t]/P{t))) = Spec{Ab[t]/P^{t)). 
Moreover, the natural map 

SpeciAb[t]/P4t)) SpeciAb) 

is the map 

n-\D{b)) ^ D{b) 
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and the Proposition is proved. □ 

Example 3.12. An inseparable polynomial. 

Let ai,..,ad G A be elements with — aj nilpotent for some i j. It follows 
the polynomial 

P{t) = {t- ai){t - 02) • • • - Od) e A[t] 
is an inseparable polynomial: Let p C A be a prime ideal. It follows — aj S p 
hence = aj in the residue field k(p). Let ^ : A — > k(p) be the canonical map. It 
follows -P</,(i) has multiple roots hence Discr{P^{t)) = cj){Discr{P{t)) = in k(p). 
It follows Discr{P{t)) is nilpotent since Discr{P{t)) G p for all primes p. It follows 
P{t) is an inseparable polynomial. 

Example 3.13. A separable polynomial. 

Let ai, .., fld S A be elements with — Oj not nilpotent for all i ^ j. It follows 
the polynomial 

P{t) = (t - ai){t - 02) • • • (i - fld) e A[t] 
is a separable polynomial: Let p C A be a prime ideal. It follows Oi ^ Oj in k(p) 
for all i ^ j. Let (f> : A k(p) be the canonical map. It follows P,p{t) is a separable 
polynomial for all p. It follows Discr{P^{t)) = (j){Discr{P{t))) ^ in k(p) for all 
primes p. Hence Discr{P[t)) is a unit in A and P{t) is a separable polynomial. 

Corollary 3.14. The open set U — D{b) C Spec(A) is the maximal open subset 
U C Spec(j4) where it : it^^{U) U is etale. 

Proof. This follows from Proposition EHH Claim EHH and \3AL2i □ 

Corollary 3.15. The morphism n : Spec{A[t]/ P{t)) Spec(A) is etale if and 
only if Discr{P{t)) is a unit in A. 

Proof. By Proposition 13. IH I3.11.2l it follows the morphism tt is etale if and only if 

V{Discr{P{t))) — 0. This is if and only if Discr{P{t)) is a unit, and the Corollary 
follows. □ 

Corollary 3.16. The morphism tt : Spec{A[t]/ P(t)) — > Spec(A) is ramified if and 
only if Discr{P{t)) is nilpotent in A. 

Proof. Let p G Spec(A) and let (j> : A k(p) be the canonical map. It follows tt is 
ramified if and only if ^^(i) G K(p)[f] is inseparable for all primes p. This is if and 
only if Discr{P^{t)) — <j){Disr(P{t)) is zero in the residue field k(p) for all primes 
p. This is if and only if Disc{P{t)) G p for all primes p C A. This is if and only if 
Discr{P{t)) is nilpotent in A, and the Corollary follows. □ 

It follows the morphism tt is etale if and only if P{t) is separable. The morphism 
TT is ramified if and only if P{t) is inseparable. Hence the discriminant Discr{P{t)) 
measures when the morphism 

TT : Spec{A[t]/P{t)) Spec(A) 

is etale. 

Definition 3.17. The scheme D{tt) = V{Discr{P{t)) C Spec(A) is the discrim- 
inant of the morphism tt where tt : Spec{A[t]/ P{t)) — > Spec(A) is the canonical 
morphism. 
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The underlying set of points of D^n) equals the set theoretical discriminant 
Discr^{n) from Definition 12.131 By Proposition 13.111 -D(7r) is the largest closed 
subscheme of Spec(A) with the property that the map it : tt~^{D{-k)) D{tt) is 
ramified. 

Theorem 3.18. Let f : X ^ Y be an etale morphism of degree d and let p £ X 
with q = /(p). There is an open ajfine neighborhood U — Spec(A) C Y with 
q S t/ and f~^{U) — Spec(i?) where B = A[t]/P{t) where P{t) is a monic degree 
d polynomial with Discr{P(t))a unit in A. 

Proof. By [4J it follows there are affine open sets p £ U — Spec(i3) C X and 
V ~ Spec(v4) C Y with f{U) C V and a commutative diagram 

U ^Spec(A[i]p,(4)/P^(t)) 

f 

V = — ^ Spec(A) 

where j is an open immersion, 

q) : A[t] ^ A[t]p,(^t) 

is the canonical map and P{t) G A[t] is a monic degree d polynomial. Since U C 
Spec(A[t]p/(4)/P0(t)) D{P'[t)) it follows by Proposition [3ll]/([/) C D{b) where 
h = Disrc{P{t)) £ A. Since the extension A C A[t]/P{t) is faitfuUy fiat it follows 

Spec{A[t]/P{t)) Spec(A) 

is open. It follows the morphism f : U ^ is open hence f{U) C 1/ is an open 
set. We may therefore choose a basic open set Spec(yla) Q f{U) with q = f{p) G 
Spec(AQ). It follows the map 

/ : f-\Spec{Aa)) ^ Spec(AJ 



equals the map 
where 



f ■.Spec{Aa[t]/P4t)) ^Spec{Aa) 



(t> : A[t] Aa[t] 

is the canonical map. Since Spec(Aci) C D{b) it follows by Proposition 13.111 and 
Corollarv l3.15l DiscrlPAtX) is a unit, and the claim of the Theorem follows. □ 

Definition 3.19. A map 

Spec(A[i]/P(i)) ^ Spec(A) 

where P{t) G A[t] is a monic polynomial with Discr{P{t)) a unit is called a standard 
etale morphism. 

By Theorem 13.181 it follows any etale morphism is locally a given by a standard 
etale morphism. 

Note: The definition of standard etale morphism given in Definition 13.191 differs 
from the one give in the litterature (see [4] and [14]). In the litterature a standard 
etale morphism is a morphism on the form 

IT : SpeciA[t]p,^t)/P4>it)) ^ Spec(A) 
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where 

: A[t] ^ A[t]p,^t) 

is the canonical map. 

Let P{t) 6 A[t] be any monic degree d plynomial where A is an arbitrary com- 
mutative ring. Let h = Discr{P{t)) G A he the discriminant. By Proposition 13. Ill 
we get a diagram of maps of schemes 

TT^HVib)) ^ SpeciA[t]/P{t)) ^— Spec{Ab[t]/P^it)) 



V{b) ^ Spec(^) ^ J Spec(Ab) 

where (j) : A ^ Ai, is the canonical niorphism. It follows by Corollary 13.151 the 
morphism 

Spec{Ab[t]/P^{t)) ^ Spec(A) 

is standard etale. Hence any morphism 

Spec{A[t]/P{t)) Spec(^) 

decompose into a standard etale morphism and a ramified morphism. The open set 
D{b) — Spec(ylb) C Spec(^) is dense, hence the morphism 

Spec{A[t]/P{t)) Spec(A) 

is generically etale. 

Let P{t) = Udf^ + ad-if^^^ + ■ • • + ait + ao £ A[t] be any polynomial with 
coefficients in A. Assume ad ^ 0. Assume we are given integers d > d\ > di > 
• • • > dfc > 0. Let Ai — Ajiad, ad^, ■■, ad^) where a^^ is the d^'th coefficient of P{t). 
and A* = (Aj_i)a^.. Let = Spec(A') and Vi = Spec(A,). 

Theorem 3.20. There exists unique integers d > di > d2 > ■ ■ ■ > dk > satisfying 
the following: We may write Spec(yl) = Vq U Uq and for all i — l,..,fc Vi = 
Vi+i U Ui+i. Moreover for all i there is an element bi G A^ giving a disjoint union 

Spec(A') = F(6,)Ui?(&0 

with the following properties: The natural morphism 

TT : Spec{A'[t\/P[t)) Spcc(A') 

satisfy 

(3.20.1) TT : n^^{D{bi)) D{bi) is standard etale of degree di. 

(3.20.2) TT : Ti-^{V{bi)) -> V{h) is ramified. 

The open set D{bi) C Spec(A*) is the largest open subscheme with vrovertv \3.20.1\ 
Proof. Consider 

P{t) = Odf^ H h ait + ao G A[t]. 

We may write Spec(v4) = V{ad) U D{ad) as a disjoint union. It follows V{ad) — 
Spec(Ao) and D{ad) = Spcc(A''). On D(ad) it follows the leading coefficient ad of 
P{t) is invertible. Let 

cl) : A ^ Aa, = A° 
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be the canonical map of rings. It follows Pct>{t) e ^ai[i] has a unit as leading 
coefficient. Let 60 = Discr{P^{t)) e A" it follows Spec(A°) = V{bo) U D[bo). We 
get a canonical morphism 



TT : vr 



.-1 



(Z?(6o)) = Spec(A''[i]/P^(t)) Spec(AO) = D(6o) 



and by Proposition 13.111 13. 11. H it follows the morphism 

^ : ^-\D{K)) ^ D{bo) 

is standard etale of degree d. Again by Proposition 13.111 13.11.21 it follows the 
morphism 

7r:7r-i(l/(6o))-^nM 

is ramified. By Corollary 13.141 it follows D{bo) C Spec(^°) is the maximal open 
subscheme with this property. The Theorem now follows by Proposition 13.111 and 
an induction. □ 

4. Discriminants of linear systems on the projective line 

In this section we study the discriminant D^{0{d)) of the line bimdle 0{d) on 
P]^- where K is any field. 

Let E — K{e[), ei} be a /C- vector space of dimension two where K is any field and 
let E* = K{xo,xi} be its dual. Let X = S^ec{K) and P = ¥{E*) = P^ xzSpec(i4:) 
be the projective line over K. Cover P by the two standard open subsets D(xi) 
and let t = ^ and s = f^- Let 0{d) be the invertible sheaf corresponding to 
the graded K[xo, xi]-modu\e K[xo,xi]{d), and let W = II°(P, ©(d)) be its global 
sections. It follows W = Sym''(i?*) hence is a free if -module on the global 
sections Si — Xq~*xi. Let yi = s*. It follows P(iy*) is the proj of the graded ring 
K[yQ, .., yd] and there is a canonical structure morphism 

TT : P(T4^*) Spec{K). 

The tautological sequence on P(W^*) is the morphism 

(4.0.3) ^ 0{-l) ^ 7T*W. 

It is the sheafification of the following morphism of graded K[yQ, .., y^jj-modules: 
a : K[yo,..,yd]{-l) K[yo,..,yd] (E)k K{so, .., Sd} 

d 

a{l) =J2yj^sj. 

j=o 

Fix an integer < i < d and let Ui = D{yi). Restrict l4.0.3l to Ui to get the following 
map: 

a\u, ■■ Oi-l)\u, ^7r*W\u^ 

given by 



a{l/y,) = = 2^-7 



Sj. 

m — y^ 
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Let Uj = ^ for j = 0, .., c?. It follows Ui — ^ ~ 1. Consider the diagram 

P{W*) xaV— 

q u 

F{W*) ^ Spec(i^) 

The rth Taylor map for 0{d) is a map of locally free Cp-modules 
(4.0.4) : u*W j\0{d)) 

on P = ¥{E*). Pull the Taylor map I4.0."4l and the tautological sequence back to 
Y = ¥{W*) Xif P to get the sequence 

0{-1)y Wy -^^^ J\0{d))Y 
and define (t)\0{d)) = T^. o ay. 

Definition 4.1. The scheme P{0{d)) = Z{(t)\0{d)) is the I'th incidence scheme 
of 0{d). The scheme D\0{d)) = q{P{0{d))) is the I'th discriminant of 0{d). 

For I = the Taylor morphism is the evaluation map 

T° -.Or^W ^ 0{d) 

defined locally by 

T°{U) : Op{U) (S>W ^ 0(d){U) 
T"iU){a(g>s)=as\u. 
Let Uij = D{yi) x D{xj) C P{W*) x ^ P for fixed i,j. Let j = and t = xi/xq. 
Restrict the map (tf'{0{d)) to Uiq to get the following map 

K[uq, ..,Ud][t\ > K[ua, ..,Ud][t] ®K K{so, ■■,Sd} — > K[uo, ..,Ud][t]xQ 

Hi 

defined by 

(f>"{0{d)){—) = uo + uit + U2t^ + --- + t, + --- + udf^ = f{t). 

It follows 

l''[0[d))\u,, = Z{f{t)) C Spec(ifK,..,Urf][i]) = C/,0. 
We get a map 

LetZy 

We get an induced map 

q* : ^ q.Oz,, 

defined by the natural map 

q* : K[uQ,..,Ud] ^ K[uq, ..,Ud][t\/{f{t)). 

It follows ii'er(g#) = (0) hence g(Zio) ^ D{y{) fori = 0, It follows i:>0(C(d))|c(j,o 
is schematically dense in D{yi). 

Consider the map (lP{0{d)) on the open set Un = D{yi) x D{xi). Let v — xq/xi. 
We get the following map 

K[uo,..,Ud][v]— —f K[uo,..,Ud][v] ®K K{so,..,Sd} K[uo, ..,Ud][v]xf 
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defined by 

- uov^ + uiv^~^ + U2v''-^- + ■■■ + v''-' + --- + ud = g{v). 

Vi 

It follows 

l\0[d))\u,, = Z{g{v)) C Spec(i^K,..,"d]H) = U^^. 

We get a map 

q\u^,:l\0{d))\u,,^D(y,). 
Let Zii = /^(©(d))!;/,!. We get an induced map 

q* : Oo^y^) ^ q^Oz,, 

defined by the natural map 

q* : K[uo, ..,Ud] K[uo, ..,Ud][v]/ {g{v)). 



It follows is:er(g#) = (0) hence g(Zii) = D{yi)fori = 0,..,d. ltM\owsD°{0{d))\D(y, 
is schematically dense in D[yi). 

Proposition 4.2. For aUd>l it follows D°{0{d)) = F{W*). 



Proof. By the above argument it follows q{P{0{d))) ~ ¥{W*) and the Proposition 
is proved. □ 

For all 1 < Z < d we get on P]^ an exact sequence of locally free sheaves 
(4.2.1) 0^Qk,d^W®Opi^j\O{d))-^0 

where rk{J^{0{d))) =1 + 1, rk{Qk,d) = d - k and rk{W (g) Opi^) =d+l. Dualize 
the sequence 14.2. II to get the sequence 

^ J'{0{d)r -^W*^ Opi^ Qld ^ 0. 

Take relative projective space bundle to get a closed immersion 

It follows from that P{Ql^d) = l^{0{d)) hence dim{l''{0{d))) = dim{¥{Ql^^)) = 
d-k-l + l = d-k. 

Lemma 4.3. Assume p : X Y is any morphism of irreducible schemes with 
U Q X and V open subschemes withp{U) C V . Assume the induced morphism 
p : U ^ V is integral. It follows dim{X) = dim(Y). 

Proof. Since p : U V in integral it follows dim{U) = dim(V). We get since U, V 
are dense in X and Y 

dim{X) = dim{U) = dim(V) = dim{Y) 

and the Lemma follows. □ 

Lemma 4.4. Assume p : X ^ Y is a proper morphism of irreducible schemes 
satisfying the conditions of Lemma Assume Z C X is a closed irreducible 

subscheme. It follows dim[Z) = dim{p{Z)). 
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Proof. Let U — Spec(i3) C X and V = Spec{A) C F be open dense subschemes 
such that p induce an integral morphism 

It follows U Ci Z C Z and V fl p{Z) C p{Z) are open dense subsets. We get an 
induced morphism 

q:UnZ ^Vnp{Z) 

which is integral, hence dim{U D Z) = dim{V fl p{Z)). It follows dim{Z) = 
dim{p{Z)) and the Lemma follows. □ 

Consider again the diagram 

Y = ^W*) X A P > P 



¥{W*) > Spec(yl) 

when A = K is & field and look at the sequence of locally free sheaves 

(t>\0{d)) : ^Wy^ j\0{d))Y. 

Consider the Taylor map on Let Ui = D{xi) and t = Xi/xq, s = xq/xi. On 
Uo we get the following calculation: 

T%,:Ou,^W-^j'{0{d))\u, 

looks as follows: 

TVo : K[t]{x^o-'x^} ^ K[t]{dt^(g)xi} 

with 

T'ix^-'xl) = T^{fx^) ^{t + dty ® xff. 
Let Uij = D{yi) x D{xj) C P(VF*) x P^. Let Uj = yj/yi- The composed morphism 

4>\0{d))\u,^ : K[uQ,..,Ud][t]- K[uo,..,Ud\[t\®K{x'l~"xx) K[uQ,..,ua][t]{dt^®x'},} 

is the following map: 

ci>\o{d))\uAyyi) = {mj'{t)/v.,..,f^^\t)/i\) 

where 

fit) = Uo+Uit + ---+f + ■■■+ Udf^. 

It follows we get an equality of ideal sheaves on Uio 

Moid))\u.o = {m,nt),..j^'Ht)}. 

Consider D{xi) C P^ and let s = xq/xi. The Taylor map looks as follows 
T' : K[s] (g) {xi~'x\} K[s]{ds^ x^} 

with 

T'ix^-'xl) = r'(s'4) = {s + ds)'^-' ® 4. 
The composed morphism 

<f>\C){d))\un ■■ K[uo,..,Ud][s]- ^ K[uo,..,Ud][s] ®K {xVx^} ^ 

Vi 

K[uQ,..,Ud][s]{ds^ ^xf} 
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is the following map: 

<p\0{d))\u.Allyi) = {9{s),g'{s)/l\,..,g^'\s)/l\) 

where 

g{s) = uqs'^ + uis'^-'^ + ■■■ + s'^-' + --- + Ud. 
We get an equality of ideal sheaves 

^ii{0{d))\uii = {g{s),g'{s),..,g^^\s)}. 
Let Vij = l''{0{d))\uij ^^'^ consider the morphism 

Qij ■■ Vij ^ q{Vij) = D\0{d)) n D{yi). 
Let i = 0. We get an induced map at rings 

q*-.K[u^,..,ua]^K[u^...,umiUit),-J^'\t))- 
Let Pj = Res{f'^^\t), ^ follows there is an equality 

ker{q*) = {Po,..,Pi-i). 
We get an equality of ideal sheaves 

'^D'{Oid))\D{yi) = {Po,--,Pl-l}- 

Consider the morphism 

q* : K[uo, ..,ud] ^ K[uo, ..,ua][s]/ {g{s), .., g« (s)//!). 
Let Qj = i?es(5(^)(s), 5(^+1) (s)) it follows Qj = Pj. It follows 

ker{q*) = (Qa, ..,Qi^i) = [Po, ..,Pl_,) 
hence lD'{o(d)) is locally generated by I elements. 

Theorem 4.5. The I'th discriminant D''{0{d)) is an irreducible local complete 
intersection of dimension d — l. 

Proof. Since l\0{d)) = HQl,d) is irreducible it follows D\0{d)) is irreducible. 
Let 

: l\0{d)) ^ D\0{d)) 
be the morphism induced by the projection morphism. Consider I = and the 
open set Udfi = D{yd) x D{xo) C ¥{W*) Xk Let Vd,o = Ud,o n We 
get an induced morphism 

q" ■■ Vd,o ^ qiVd,o) 

of schemes. Let Wdfi = qiVd^)- Wc get an induced morphism of sheaves 
given by 

q*:B = K[uo,..,Ud] ^ K[uo, ..,Ud][t]/{f{t)) = B[t]/{f{t)) 

where 

f{t) ^uo + uit + --- + ud-it'^-'^ + 1^ 

It follows the ring extension B C B[t]/{f{t)) is an integral extension hence the 
morphism 

9° : Vd,o ^ q{Vdfi) 
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is an integral mor phism. By Lemma[43]it follows dim(£)'(0(d))) ^ dim{l'{0{d))) = 
d—l. Since the ideal sheaf of D^{0{d)) is locally generated by I elemets the Theorem 
follows. □ 



5. Discriminants of linear systems on flag varieties 

Let in the following F be a fixed basefield of characeristic zero and let V be 
an iV + 1-dimensional vector space over F. Let P(l/*) be the projective space 
parametrizing lines in V . The space P(V^*) has the following property: There is a 
well defined left action of SL(y) on P(V^*) and this give an isomorphism SL(y) /P ^ 
P(y*) where P C SL(V^) is the parabolic subgroup fixing a line L in V . The quotient 
SL(y)/P is a geometric quotient in the sense of [15 and there is an equivalence 
of categories between the category of linear finite dimensional representations of 
P and the category of locally free C'ii>(v.)-modules with an SL(F)-linearization. 
We want to study the discriminant D^{0{d)) and the complex from l2.10.1l in this 
situation using SL(i?)-modulcs. 

Let P = P(y*) and let X C P x P be the ideal of the diagonal, let p, g : P x P ^ P 
be the projection morphisms. 

Definition 5.1. Let fc > 1 and d be integers. We define the k'th order jet bundle 
of 0{d) as follows: 

J''{0{d)) - p40pxpA^+' ® q*0{d)). 

The invertible sheaf 0{d) has a unique SL(y)-linearization and by prolongation 
of this structure it follows j'^{0{d)) has a canonical SL(y)-linearization. Hence 
J^{0{d)) corresponds to a unique finite dimensional P-module. The exterior prod- 
uct f\> j'^{0{d)) has for all j > 1 a canonical SL(y)-linearization. It follows the 
higher cohomology group H*(P, /\^ j'^{0{d))) is a finite dimensional SL(y)-module 
for aU i > 0. 

Theorem 5.2. There is for any integers 1 < k < d and 1 < j < rk[J^) an 
isomorphism 

of SL{V) -modules. There is an equality ff (P, A^\7*=(C'(d))) = i/i > 0. There is 
an isomorphism of Sh{V) -modules 

W{¥,A^j''{0{d)y) ^ Sym^'^'^-'''>-"-\V) ® A^' Sym'=(y*) 

if i = n and j(d — k) — n — l>0. //i = 0, .., n — 1 or i = n and j{d — k) —n — l < 
it follows ff(P, Aij'^iOid))*) = 0. 

Proof. Let n : P ^ S ^ Spec(F) be the structure morphism. The SL(V^)-module 
Sym*(F*) is a locally free Os-module with an SL(y)-linearization. Pull back pre- 
serves the SL(y)-linearization hence tt* Sym'^(y*) is a locally free Op-module with 
an SL(y)-linearization. We may consider the following locally free sheaf: 

0{d-k)^Tr* Sym'^(y*). 

Its corresponding P-module is Sym''(V"*) Sym'^"''(L*) hence by [3, Theorem 2.4 
we get an isomorphism of locally free sheaves with SL(y)-linearization 

0{d - fc) TT* Sym''{V*) = j''{0{d)). 
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We get the following calculation: 

A^j''{0{d)) = A^{0{d-k)r^Tr* Sym''{V*)) ^ 

0{j{d - k)) (g) A^TT* Sym''{V*) = 0{j{d ~ k)) ® n* A^ Sym''{V*) 
of SL(l/)-bundles. It follows there is for every j > 1 an isomorphism 

A^j''{0{d)) ^ 0{j{d - k)) (g) TT* A^' Sym'=(l/*) 
of SL(T^)-bundles. We get the following calculation: 

(P, A^j''{0{d))) = Il'TT,{0{j{d - k)) ® TT* A^ Sym'=(T/*)) ^ 

A^ Sym'^iV*) O RV*0(j(d - /c)). 
The first part of the Theorem now follows from the calculation of equivariant co- 
homology of invertible sheaves on projective space (see [5]). 
By Theorem 2.4 in [7] We get an isomorphism 

A'j'^iOid))* = 0(j(fc - d)) (E) n* A^ Sym''{V) 

as SL(y)-bundles. We get using equivariant higher direct images the following 
calculation: 

H'(P, A^j''{0{d)y) = RV,(C'(j(fc - d)) ® tt* A^ Sym'=(l/)) = 
A^' Sym'=(y) (g) RV40(j(/c - d)) = A^' Sym'=(V^) ® ff (P, 0{j{k - d)). 
The second part of the Theorem now follows from the calculation of equivariant 
cohomology of invertible sheaves on projective space (see [5]). □ 

In several papers (see [7], [16] and [17]) the structure of the jet bundle on the 
projective line and projective space has been studied. In the paper 7 the P-module 
structure of the jet bundle on projective space was classified. The novelty of the 
result in Theorem l5.2l is the calculation of the SL(y)-module structure of the higher 
cohomology groups 

RiPiVn^A^J^iOid))). 

This is as indicated in the proof above a consequence of the result given in [7], 
Theorem 2.4 and equivariant projection formulas. 

Example 5.3. Digression: The Borel-Weil-Bott Theorem . 

For ah invertible sheaves 0{d) on P with d > 1 the SL(y)-module H°(P, 0{dj) = 
Sym'^{V*) is irreducible. This is a particular case of the Borel-Weil-Bott Theorem. 
We see from Theorem 15.21 that this is no longer true if we consider higher rank 
SL(T^)-linearized locally free sheaves on P. The SL(F)-module 

H°(P, A'j''{0{d))) = Sym^(''-'=)(y*) ® A^' Sym'^(l/*) 

is never irreducible. 

Let C G be a closed subgroup. We refer to a G-module of the form IV(G/H, £{p)) 
where i > Q and £{p) is a G-linearized locally free OQ/z^-module as a geometric 
G-module. 

The following general result is true: Let P C G be a parabolic subgroup of 
a linear algebraic group of finite type over F. The quotient G/P is a smooth 
projective scheme of finite type over F and G-linearized locally free Oc/p-modules 
are in one to one correspondence with rational P-modules. 

Proposition 5.4. Let W be any G-module. It follows W is a geometric G-module. 
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Proof. Let 

TT : G/P Spec(F) 

be the structure morphism. Let p : G ^ GL(W) and consider the Oc/p-niodule 
Og/p®tt*W. It follows 

{Og/p ® 7r*VK)(e) ^ F(g)FW 

hence Oq/p ® 'rT*W is the G-linearized locally free sheaf 8{p) corresponding to p. 
Since is a G- module it is also a P- module and the locally free sheaf S{p) is a 
G-linearized Oc/p-module of rank r = dim{W). It is trivial as abstract locally free 
OG/p-module. It follows from the equivariant projection formula (see [5]) 

H"(G/P,£:(p)) 5^R%,(e)G/p«'7r*VK) ^ 

W ® RV^Og/p = I^ ®f = 

since H°(G/P, Og/p) is the trivial rank one G-module, and the Proposition follows. 

□ 

Hence any G-module may be realized as the higher cohomology group of a G- 
linearized locally free OG/p-module. 

Example 5.5. Decomposition of geometric S1j{V) -modules. 

One may ask the following general question: Assume G is a semisimple linear 
algebraic group and P C G a parabolic subgroup. Let C G Pic'"' (G/P). One seeks 
a decomposition 

M\G/P,^^JHC■))^®xVx 
of the i'th cohomology group of N' J^{C) into irreducible G-modules V\. Since 
G is semi simple and {G / P, J''' {£)) is a finite dimensional G-module, such a 
decomposition always exist by the general theory of representations of semi simple 
algebraic groups. From Theorem 15.21 one gets such a decomposition on SL(y)/P = 
¥(V*) by applying well known combinatorial formulas from the theory of Schur- 
Weyl modules. The SL(l/)-modulc 

is formed by applying compositions of Schur-Weyl modules to the standard repre- 
sentation V and its dual V*. Given two Schur-Weyl modules §a and there is in 
general a decomposition 

(5.5.1) Sa(§^(F*)) = OxVx 

of §a(S;j(V^*)) into irreducible SL(V^)-modules. To calculate this decomposition 
- referred to as plethysm - is an unsolved problem in general. There are sev- 
eral formulas which are special cases of 15.5.11 The Clebsch- Gordon formula which 
describes the decomposition of the tensor product of two irreducible modules into 
irreducibles, and the Cauchy formula which describe the decomposition of the sym- 
metric product of the tensor product of two standard modules (see [2]). We leave 
it to the reader as an exercise to calculate this decomposition in the case of higher 
cohomology groups of exterior powers of jet bundles on projective space. 

Let W = H°(P,0(d)). There is by [7] on P an exact sequence of locally free 
sheaves 

Qk,d ^ 7r*W ^ j\0{d)) ^ 
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where the rightmost map is T'' - the Taylor map. It foUows Qk,d is a locally free 
sheaf. Dualize this sequence to get the short exact sequence 

O J^{0{d))* TT*W* Ql^^ 0. 

Take relative projective space bundle to get the following closed immersion of 
schemes: 

HQl,d) ^ P{tt*W*) = P{W*) X p. 
Lemma 5.6. There is an equality 

p(q:,,) = /i(T^) 

of schemes. 

Proof. Since Ql ,^ = Coker{{T^)*) the claim follows from Thcorcm[2l5l □ 
There is a commutative diagram of maps of schemes 

— ^ X p - — ^ p 

q q w 

D^{T^) — 'L^fiw*)^ 

where i,j are the inclusion morphisms. 

Definition 5.7. The scheme D^(p{d)) = D^{T^) is the fc'th discriminant of the 
invertible sheaf 0{d)). 

Example 5.8. Irreducibility of D^{0{d)). 

Note: Since P(Qfc ^) is a projective bundle on f{V*) it is irreducible. It follows 
D^{p{d)) is irreducible for aU 1 < fc < d. 
The morphism 

q:nQU)^D\0{d)) 
is by definition a surjective map of schemes. Let Y — P{W*) x P. On P(V1/^*) there 
is an exact sequence of locally free sheaves 

^ 0(-l) ^ t:*W. 
Pull this map back to Y to get the composed map 

ij : 0{-1)y ^ Wy jHO{d))Y 
Proposition 5.9. There is an equality Z{'ip) ~ ^iQ^ (j) of schemes. 
Proof. The claim follows from Theorem l2. 51 since Ql ^ — Coker[[T^)*). □ 
We get an exact sequence 

0{-1)y ® jHO{d)YY -^Oy^ Oz(^,) ^ 0. 

The ideal sheaf of Z{ip) is locally generated by a regular sequence hence Z{tp) is 
a local complete intersection. There is by general results (see [T]) a Koszul complex 
of sheaves on Y: 

A^O(-l)y j\0{d)Yy ^ • • ■ 

> ^'o{-l)Y ® j''iOid))*Y ^ o(-i)y ® j\oid)yY ^ 

Oy ^ Oz(^) ^ 0. 
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Hence we get a resolution of the sheaf Oz{if,) on Y. There is an isomorphism 
j''{0{d))* = 0{k -d)(g)Tr* Sym''{V) 

and an isomorphism 

A^O(-l)y ® j''{0{d))Y = q*0{~j) ® AV(C(fc - d) ® TT* Sym''{V)) 

q*0{~j) ® p*0{j{k - d)) ® IT* Sym'^'(V^) ^ 0{-j,j{k - d)) ® n* Sym''{V). 
The complex now becomes 

-> 0{~N, N{k - d)) (S, IT* Sym''(y) ^ • • • 

> 0{-j,j(k - d)) (E) TT* A^ Sym''{V) ^ • • • 

> 0{-l, k-d)®TT* Syui^{V) -^Oy ^ Ozi4,) ^ 0. 

There is a projection morphism 

q : P{W*) X P ^ P{W*) 

and we want to push down the complex above to get a double complex on P(Ty*). 
When we push the complex down to P(M^*) we get a double complex with terms 
given as follows: 

Theorem 5.10. There is an isomorphism of SIj{V) -linearized locally free sheaves 
R"(7*(A^O(-l)y ® j''iOid))*Y) ^ 0{-j) ® TT* SymJ'('^-'=)-"-i(y) ® A^' Sym'=(y*) 

if j{d — k) — n — 1 > 0. If i — 0, ..,n — 1 or i — n and j(d — k) ^ n — I < it follows 
R*(;»(A''0(— (8) i7*''(C'(d))y ) = 0. There is an isomorphism of SL{V) -linearized 
locally free sheaves 

R\4AWi-l)Y (E) J^{0{d))Y = 0{-j) ® TT* Syui^^'^~^\V*) ® Sym^{V*). 

Ifi > there is an equality R'q4AW{-l)Y E) j''{0{d))Y) = 0. 

Proof. We get by the projection formula and higher direct images for locally free 
sheaves with SL(y)-linearization (see [5]) the following calculation: 

R'g*(A^O(-l)y ® jHOid)yY) = 

i{:'q4A\*o{~i)(E>p*jHo(d)y) ^ 

RV(g*0(-j) ® AV = 
0{-j) (g> n'q,p*iA^j''{0{d))*) ^ 

0(-j)®ff(P,AJ^^(0(d))*). 

The first part of the Theorem now follows from Theorem 15. 21 We get the following 
calculation: 

R'q,{AW{~l)Y ® J'=(0(d))y) ^ 0{-j) ® TT* (P, A'j''{0{d))). 
The Theorem now follows from Theorem 15.21 □ 

Example 5.11. Resolutions of ideal sheaves of discriminants. 
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Assume d-k-n-l>Q, l{j) ^ j{d - k) ~ n - I and r = rk{j''(0(d)). The 
complex |2 . 1 ■ 1 1 gives a complex of Op(y.)-modules 

0(-r) (g) Sym'('')(F) ® A'' Sym''{V*) ^ • ■ • 

> 0{-j) ® Sym'(^) (V) ® A^' Sym'^(y*) ^ • • • 

® Sym'(i)(y) Sym'=(y*) ^ Op(v..) ^ Oz,.(o(d)) ^ 0. 

The hope is this complex can be used to construct a resolution of D^{0{d)). 

Example 5.12. Discriminants of linear systems on flag varieties. 

In the following we use the notation of 12]. Let G = SL(i?) where i? is a vector 
space of finite dimension over a field F of characteristic zero. Let 

^. : ^ Si C ^2 C • • • C Sfe C Ek+i = E 

be a flag in E of type d = {di, .., rffc}. Let Ui = di + - ■ ■ + di. It follows dim{Ei) — Ui. 
Let P C G = SL{E) be the subgroup fixing the flag E,. It follows P is a parabolic 
subgroup and the quotient G/P is the flag variety of E of type d. Let Vx be an 
irreducible SL(£')-module with highest weight 

k k 

A = ^ H h Ln.) = y^JiUJm- 

i=l i=l 

Let C{t) e Pic'^(G/P) be the line bundle corresponding to / {^i, ..,lk} e Z''' — 
Pic'^(G/P). It follows there is by Theorem 2.2 in [12 an isomorphism 

Vx =H*'(G/P, £(!))* 

of G-modules. Let 

: H°(G/P,/:a)) Og/p - ^^'(^(0) 
be the Taylor map of order k. 

Theorem 5.13. The discriminant D^{C{1)) — D^{T'^) is irreducible for all 1 < 
k < min{li + 1}. 

Proof. From [12], Theorem 3.7 it follows the Taylor map 

r'=:H°(G/P,£a))^ J-J/p(£a))(e) 

is surjective for 1 < fc < min{li + 1}. It follows we get an exact sequence of locally 
free sheaves 

^ Q ^ lf{G/P,C{l_)) Og/p ^ J^/p{C{l_}) ^ 
on G/P. Dualize this sequence to get the sequence 

Ja/pimr ^ hO(G/P, £(/))* ®Og/p ^ Q* 

We get a closed immersion 

P(Q*) C F{B° {G/P,C{l_)y ) X G/P 

of schemes. Since Q is locally free Q* = Goker{{T^)*), hence by Corollary ES it 
follows D'^{C{1)) is irreducible and the Theorem is proved. □ 
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The total complex looks as follows: 

Since H*(G/P, j'^{C{V)*) is a finite dimensional G-module there is a decomposi- 
tion 

(5.13.1) ff (G/P, h^j''{C{iy) ^ ®aWa 

into irreducible G-modules. Hence to check if the total complex Tot{C{T^))''' can 
be used to give a resolution of the discriminant D^{C{V)) one has to calculate the 
decomposition 15.13.11 

In a series of papers the structure of the jet bundle J^{C) of a line bundle 
C e Pic^^^^^(SL(F)/F) as abstract locally free sheaf, as left and right O-module 
and as left and right P- module has been studied (see Hi 01 [10], and [13]) 

using algebraic techniques, geometric techniques, algebraic group techniques and 
techniques from universal enveloping algebras of semi simple Lie algebras. There is 
work in progress using techniques similar to the ones introduced in this paper and 
the papers [7] , [11] and T2] on the problem of describing resolutions of ideal sheaves 
of D^{C) where C is a line bundle on SL(y)/P for some parabolic subgroup P C 
S1j{V). This problem may be studied using the total complex and determinantal 
schemes. 
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